Abstract. This work deal with Leibniz algebras. It is shown that in classifying of filiform non-Lie Leibniz algebras over the field of complex numbers which are obtained from the naturally graded non-Lie Leibniz algebras it suffices to consider some special basis transformations. Using this result, we derive a criterion that ascertains whether given two such filiform non-Lie Leibniz algebras are isomorphic in terms of such transformations.
Introduction
The theory of Lie algebras is one of the most developed branches of modern algebra. It has been deeply investigated for many years by mathematicians, namely algebraists and specialists in representation theory, and by theoretical physicists. Active research of the properties of the Lie algebras leads to the investigation of the new and more general object -Leibniz algebras.
The present work is dedicated to the study of an algebraic object -Leibniz algebras, introduced into science by French mathematician J.-L. Loday [9] - [10] and investigated later in works [2] - [6] , [11] - [12] and many others.
When investigating properties of the cyclic homologies, Loday had noted that if one replaces the external product in the definition of the n-th cochain by a tensor product, then in order to prove the differential property, that is defined on cochains, it suffices to show the validity of the Leibniz equality instead of the anticommutativity and the Jacoby equality. This was the motivation for the introduction of the Leibniz algebras, that are "noncommutative" generalization of the Lie algebras.
When studying a certain class of algebras it is important to describe at least the algebras of lower dimensions with the up to an isomorphism precision. For Leibniz algebras difficulties arise even when considering nilpotent algebras of dimension 5. Thus in this work we consider a special class of nilpotent Leibniz algebras, namely filiform algebras, that in the case of Lie algebras was studied in the works [7] - [8] , [13] . In particular, in this work we devise a method of simplification of the basis transformations of the arbitrary filiform Leibniz algebras which were obtained from the naturally graded filiform non-Lie Leibniz algebras, that allows for consideration of only those transformations that change the structural constants in the description of such filiform Leibniz algebras [1] . An analogous method of simplification of the basis transformations in case of filiform Lie algebras was considered in the monograph [8] . The investigation of the non-Lie Leibniz filiform algebras which were obtained from the naturally graded Lie algebra is the subject of the next paper.
Preliminaries
Let L be an arbitrary Leibniz algebra of dimension n and {e 1 , ..., e n } be the basis of algebra L, then algebra L is defined by the products of basis elements, precisely [e i , e j ] = n k=1 γ k ij e k , where γ k ij are the structural constants. Thus the problem of classification becomes a problem of finding a description of structural constants up to a non-degenerate basis transformation.
From Leibniz equality we have the polynomial equalities:
that define constraints set on the structural constants. When solving classification problem for filiform Lie algebras in [8] , it was shown that it is sufficient to consider only special types of transformations.
Recall that an algebra L over a field F is called a Leibniz algebra if it satisfies the following Leibniz identity:
where [ , ] denotes the multiplication in L.
Note that if in the Leibniz algebra [x, x] = 0, the equality is true; then Leibniz equality is simplified into the Jacoby equality. Thus, the variety of Leibniz algebras is the "noncommutative" generalization of the Lie algebras' variety.
For a given arbitrary Leibniz algebra L we define the lower central series:
Since analogous results are known for Lie algebras [8] , in the sequel we are going to consider non-Lie Leibniz algebras.
In [1] we obtained the decomposition of complex filiform Leibniz algebras which were obtained from naturally graded filiform non-Lie Leibniz algebras into two disjoint classes. Take into account the existence of filiform non-Lie Leibniz algebras which were obtained from the naturally graded Lie algebra; we have the following theorem: Theorem 2.2. An arbitrary complex non-Lie filiform Leibniz algebra L of dimension n + 1 is isomorphic to one of the following algebras:
(omitted products are equal to zero)
(omitted products are equal to zero) where [ , ] is the multiplication in L and {e 0 , e 1 , e 2 , ...., e n } is the basis of the algebra, δ ∈ {0, 1} for odd n and δ = 0 for even n.
Remark 2.3. In the description of theorem 2.2 the isomorphisms inside the classes are unknown.
3. On transformations of complex filiform Leibniz algebras.
Since an arbitrary non-Lie filiform Leibniz algebra up to an isomorphism belongs to one of the classes of the theorem 2.2, we conclude that to consider the isomorphisms inside the classes we need to study the behavior of the parameters under the action of the non-degenerate change of basis. As we mentioned above we will consider only the first two classes of the theorem 2.2. Let L be the Leibniz algebra defined on a vector space V and {e 0 , e 1 , ..., e n } is the adapted basis of the algebra L. Definition 3.2. The transformation of the basis f ∈ GL(V ) is said to be adapted for the product of the algebra L if the basis {f (e 0 ), f (e 1 ), ..., f (e n )} is adapted.
The closed subgroup of group GL(V ) spanned by adapted transformations will be denoted by GL ad (V ).
In the sequel we will need the following lemma:
Proof. The following chain of equalities:
proves the lemma. 
f (e 0 ) = a 0 e 0 + a 1 e 1 + a 2 e 2 + ... + a n e n f (e 1 ) = (a 0 + a 1 )e 1 + a 2 e 2 + ... + a n−2 e n−2 + (a f (e 0 ) = a 0 e 0 + a 1 e 1 + a 2 e 2 + ... + a n e n f (e 1 ) =
Proof. Let f ∈ GL ad (V ). Set f (e 0 ) = a 0 e 0 + a 1 e 1 + ... + a n e n , f (e 1 ) = b 0 e 0 + b 1 e 1 + ... + b n e n . We prove case a).
Consider the product:
Using (1) we have the equalities:
ai−2αt+3−i)et+
, we have that a 0 (a 0 + a 1 ) = 0, i.e. a 0 = 0 and a 0 + a 1 = 0.
Since [f (e 0 ), f (e 1 )] / ∈ C 1 (L) and a 0 + a 1 = 0, we have that b 0 = 0. From the properties of adapted transformation we have that f (e 2 ) = [f (e 1 ), f (e 0 )]. Decomposition of the expression [f (e 1 ), f (e 0 )] in basis e 0 , e 1 , ...., e n has the form:
Comparing the coefficients of the basis elements we get the following constraints of the coefficients of the transformation f :
From these we have
Case b) is proved in the same way. Analogously to [8] , we introduce the notion of elementary transformations that are true for the non-Lie Leibniz algebras. 
where a, b, d ∈ C.
Let f be an arbitrary element of the group GL ad (V ), then f is expressed via the elementary transformations, namely the following is true:
) Let f have the form from the proposition 3.4 a). Then
ii) Let f have the form from proposition 3.4 b). Then
Proof. The proposition is validated straightforwardly. For the aforementioned decompositions the following is true:
) does not change the structural constants of the first class of algebras of the theorem 2.2. 2) Transformation
ϕ = σ(b n , n) • η(a n , n) • η(a n−1 , n − 2) • ... • η(a 2 , 2
) does not change the structural constants of the second class of algebras from the theorem 2.2.
Proof. Let us prove the first assertion.
Consider the transformation τ (a, b, k) :
Note that this transformation is adapted . In fact, when considering the products:
otherwise we suppose a = 0 and thus we find that τ (a, a, k) ∈ GL ad (V ).
Consider the products in which the parameters are defined:
αiei + a n−k+1
Thus the transformations of the first type for 2 ≤ k ≤ n − 1 do not change the parameters α i , θ for arbitrary a ∈ C.
Analogously, we check that τ (a, b, n) ∈ GL ad (V ) does not change parameters α i , θ for arbitrary a ∈ C.
Since superposition of adapted transformations is again an adapted transformation, we can conclude that transformation g = τ (a n , b n , n) • τ (a n−1 , a n−1 , n − 1) • ... • τ (a 2 , a 2 , 2) does not change the structural constants of class µ αθ 1 from the theorem 2.2.
The proof of the second assertion of the proposition is carried out in similar way.
Thus, we derived that the problem of the classification is reduced to the problem of investigation of elementary transformations of second and fifth types for classes µ
4.
Criterion of isomorphisms of complex filiform non-Lie Leibniz algebras.
For an arbitrary element a of the Leibniz algebra L, denote the operator of right multiplication by R a (x), e.g.
Set R It is easy to see that in algebra L, if it has the form of the first two classes of theorem 2.2, we have the equality: Proof. Let η i = α i . The case when η i = β i is similar. We will carry the proof using the method of mathematical induction and (1). When m = 2, we have Assume that the equality is true for m = k, e.g. the following equality:
Let us proof the equality for m = k + 1. Using the induction hypothesis and the chain of equalities:
...
we obtain the induction proof.
From the first assertion of the proposition 3.7 we have that the adapted transformations for the class µ 
where A(A + B) = 0.
Under the action of the given basis change we have
Proof.
We shall use the method of mathematical induction. When k = 3 we have: 
We shall now prove the equality (5) for k = p + 1. Taking into account equality (2) and the following chain of equalities:
we complete the proof.
From the second assertion of the proposition 3.7 we have that the adapted transformations for the class µ Under the action of the above basis change following is true
Proof. The proof is carried out in a similar way to the proof of the corollary 4.2.
We will write an algebra from class µ β 3 , β 4 , ..., β n , γ)). 
are isomorphic if and only if there exist A, B ∈ C such that A(A + B) = 0 and the following conditions hold:
where 4 ≤ t ≤ n − 1.
... Thus, we can conclude that in any dimension the problem of the classification of complex filiform Leibniz algebras which are obtained from the naturally graded filiform non-Lie Leibniz algebras up to an isomorphism is algorithmically solvable.
Proof of the theorem. Consider the class µ α,θ 1 . Let {e 0 , e 1 , ..., e n } be the basis of L(α 3 , α 4 , ...., α n , θ), and {e
. It is easy to see that in algebra L(α 3 , α 4 , ..., α n , θ) the following is true:
We will consider the change of basis (4) . From lemma 4.1 and equality (3) we obtain (6) where m ≤ n − k m ≤ k ≤ n.
Using (6) in equality (5) we can carry following changes:
....
Consider the products in
Substituting expression e ′ k and the lemma 3.3 (for p=1), we derive equalities:
... ... ... ... ... α t e t .
If we compare the coefficients of the basis elements e t and note the coefficient A + B is different from zero, we obtain the restrictions that were outlined in the first assertion of the theorem.
By using the corollary 4.3, assertion b) of the theorem is proved in the same manner.
